Abstract. In this paper the functional equation is studied, where <p, ip are continuous strictly monotonic functions on the open real interval I. Under analicity assumptions (*) was first solved by O. Suto in 1914. Since then several efforts have been made to weaken the regularity assumptions on the unknown functions. In this paper we show an extension type theorem for (*) and obtain solutions of (*) assuming weak regularity properties of ip and i/> in a small subinterval of I.
History of the Problem
In 1914 O. Suto published a paper of two parts in the Tohoku Mathematical Journal [11] , in which he first examined the functional equation The author writes the following: "The analytic functions tp,ip and their inverses are supposed to be one-valued, as ever we do; ip -1 ^^ ^ viv)
is a mean of x and y in certain sense." In 1998 the functional equation (1.1) was re-discovered by J. Matkowski [8] , who formulated the problem more exactly in the following way. 2 
PROBLEM. Let I c R be a nonvoid open interval and let CM {I) denote the class of all continuous and strictly monotonic real functions defined on I. A function M : I 2 -> I is called a quasi-arithmetic mean on I if there exists <p G CM (I) such that (1.2) for all x,y G I. In this case, tp G CM(I) is called the generating function of the quasi-arithmetic mean A v : I 2 -> I. The Matkowski-Suto problem is the following: Determine (characterize) all pairs (<p,ip) G CM (I)

tp(x) ~ ax(x) + b
for all x G I.
If for the (generating) functions <p, x G CM (I) (1.4) holds for some constants a / 0 and b then we say that ip is equivalent to x; and, in this case, we write:
A pair of functions (tp, i/') G CM(I) 2 is called equivalent to the pair ($, i') G CM(I) 2 on I if <p ~ $ and tp ~ iJ> on I. We denote this fact by (<£>,V0 ~ on I. We introduce the following one parameter family of functions belonging to CM (I)
Using the notions and notations above, Suto's result can be formulated as follows. 
where Xp is the function defined in (1.5). for all x ± y, x, y G /, where the relation < is one of the relations -, <, > on the real numbers.
Using this natural notion, the result of Daróczy-Maksa [4] is the following
is a Matkowski-Sutô pair on I and the quasi-arithmetic means A v and A^ are strictly comparable in I then there exists p G R such that (1.6) holds.
In this paper we examine the following problem.
Suppose that (<p,ip) G CM (I)
2 is a Matkowski-Sutô pair on I and there exists a nonvoid open interval
on I> that is, can the solutions be extended to 7? Since the answer is positive, we obtain generalizations of Theorem C and Theorem D.
The functional equation of the problem
If ( Let ip(a -S)=:c and tp(a -S) =: C. Then, by (2.9), c + C = 2(a -S), so either c or C is greater than or equal to a -5, since if it were not so, c < a -S, C < a -S would hold, and c+C < 2(a -S) would be a contradiction. Since the roles of <p and tjj can be interchanged, 
<p(a) -(p{a -o) a -c
Now, by the lemma to be proved later, we have 
THEOREM 1. If ((p,ip) G CM (I) 2 is a Matkowski-Suto pair on I and there exists a nonvoid open interval K C I such that (ip, ip) ~ (x P , X-P)
on that is, (1.6) holds.
The Lemma and its Proof
In the previous section we applied a lemma whose statement and also its proof is presented here. .7), (3.9), and (3.5),
LEMMA. Assume that <p : [A, B] -• R {A < B) is a continuous and strictly increasing function,
Now let
and from this, with the notation a := -we have
T that is, (3.4) holds, which completes the proof.
• REMARK 2. The investigation of functional equation (3.3) was proposed by Z. Daróczy in a special case at the 37th ISFE (cf. [5] ). C.T. Ng [9] solved the problem during the conference, and later M. Sablik gave a proof for the statement using a different method (see [10] ). We used the ideas of M. Sablik in the proof of the more general lemma given here.
Corollaries
The combination of Theorem 1 and Theorem C gives the following result. 
